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Course Topics

1. Introduction to DLD, Verilog HDL, MATLAB/Simulink
2. Number systems

3. Analysis and synthesis of combinational circuits

4. Decoders/encoders, multiplexers/demultiplexers

—| 5. Arithmetic systems, comparators, adders, multipliers

6. Sequential circuits, latches, flip-flops

7. Registers, shift registers, counters, LFSRs

8. Finite state machines, analysis and synthesis

Text: J. F. Wakerly, Digital Design Principles and Practices, 5/e, Pearson, 2018
additional references on Canvas Files > References




Components for arithmetic operations (Wakerly, Ch. 7 & 8).

Topics discussed are:

(a) Comparators for unsigned integers and for and two’s complement
signed integers

(b) half-adders

(c) full-adders

(d) ripple adders/subtractors for two’s complement integers

(e) carry-lookahead adders

(f) overflow in addition/subtraction

(g) multiplier combinational circuits




Unit-5 Contents:
1. Comparators for unsigned and signed 2’s complement integers
. Addition and subtraction
. Half-adders
. Full-adders

2

3

4

5. Full-adders — ripple adders
6. Full-adders — carry-look-ahead adders

7. Full-adders/subtractors for 2’s complement integers
8. Overflow 1n 2’s complement addition/subtraction

9

. Multiplier combinational circuits




A comparator compares two binary words and determines Comparators
If they are equal, or, if one is greater or less than the other.
Depending on the implementation, the binary words may
be unsigned or signed 2’s complement integers.
XOR
a b| D
XOR
3 0 0| O XOR output D
b jD D=ab'+a'b 0o 11 1 detects difference
1 0 1 D= 1, if a * b
1 1] 0
XNOR
a b | E
XNOR
3 0 0 1 XNOR OUtpUj[ E
b E=ab+a' b’ 0 1 0 detects equality
1 0 0 E= 1, If a=b
E=D’ 1 1] 1




Design a comparator for 4-bit unsigned integers, and then Comparators

modify it for 2’s complement integers

a = (aga,a ap) ag 4-bit unsigned

} or signed
b (b3 b2 b1 bO) b3 comparator

see also, https://en.wikipedia.org/wiki/Digital comparator



https://en.wikipedia.org/wiki/Digital_comparator

modify it for 2’s complement integers

Design a comparator for 4-bit unsigned integers, and then Comparators

a = (azapaj ap) of the individual bits,

b = (bsb,b,bp) A

we may use four XNORs to detect equality

equality of all four bits
Is indicated by the AND
operation,

see also, https://en.wikipedia.org/wiki/Digital comparator

Ea:b = €36,€, €



https://en.wikipedia.org/wiki/Digital_comparator

integers) can be tested with the help of
b =(bsb,b;by) | the individual XNOR outputs

a = (aga,a;ay) inequality (for unsigned, non-negative, Comparators

a > b is true if any of the following is true,
az=1,b3=0
az =Dbs, and, a,=1,b,=0
az =Dbs, a,=Db,y, and, a; =1,b; =0
az =Dbs3, a,=b,y, a;=by, and, ag=1,by=0
or, phrased in terms of the XNOR outpults,
az3=1,b3=0
e;=1, and, a,=1,b,=0
es=1,e,=1, and, a;=1,b; =0
es=1,e,=1,e,=1, and, ag=1,by=0
these can be combined into an overall expression,

G op=aghs' +ezar by’ +eze,a, 0" +ege,eqa5hy




a=(agay,a; ay)

b = (b3b, b, by)

inequality (for unsigned, non-negative,
integers) can be tested with the help of
the individual XNOR outputs

Comparators

a>b istrueif
a3
bswefﬁ a3:1,b3=0

WOrst case:

dy
b e, |a=(1000)
2 b=(0111)

a, a=2°
b, °1

thus, a>b

a
0 e
Do and, Gsp=1-1 +0 +0+0=1

b=22+21+20=(23_1)/(2-1)=25-1

G op=aghs' +ezay by’ +eze,ayb" +eze,eqayby




RPRRPRRRPRRRPRRRPROOOOOOOHO
PRRPRRFRPOOOOKRRRKERERLROOOO
PRRPOORKFROORRROORKEROO
RPOROROROHFLROKFRORORDO

a = (agaya;ap)

b = (b3b, b bp)

Comparators

a3:1 b3:O

33:1 b3=0
e;=1,and, a, =

a3 =bs,and, a,=1,b,=0

a3 =Dbs3,a,=h,,and,a; =1,b; =0

az = b3, a,=h,,a; =bq,and, ag =

1,by,=0

1,by=0

1,byg=0

these can be combined into an overall expression,

es=1,e,=1,and,a; =
es=1,e,=1,e;=1,and, a5 =

a > Db is true any of the following is true,

1,by=0

or, phrased in terms of the XNOR outpults,

G op=aghs’ +ezay by’ +eze,a, 0" +ege,eqa5hy
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a = (agaya;ap)

b = (b3b, b, bp)

Comparators

a3:1 b3:O

a3 = b3, a,=D,,and, a; =

33:1 b3=0
es=1,and,a,=1,b,=0

a3 =bs,and, a,=1,b,=0
1,b;=0
az = b3, a,=h,,a; =bq,and, ag =

es=1,e,=1,and,a; =1,b; =0
1,bp=0
these can be combined into an overall expression,

es=1,e,=1,e;=1,and, a5 =

a > Db is true any of the following is true,

1,by=0

or, phrased in terms of the XNOR outpults,

G op=aghs’ +ezay by’ +eze,a, 0" +ege,eqa5hy
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a = (agaya;ap)

b = (b3b, b, bp)

Comparators

a3:1 b3:O

a3 = b3, a,=D,,and, a; =

33:1 b3=0
es=1,and,a,=1,b,=0

a3 =bs,and, a,=1,b,=0
1,b;=0
az = b3, a,=h,,a; =bq,and, ag =

es=1,e,=1,and,a; =1,b; =0
1,bp=0
these can be combined into an overall expression,

es=1,e,=1,e;=1,and, a5 =

a > Db is true any of the following is true,

1,by=0

or, phrased in terms of the XNOR outpults,

G op=aghs’ +ezay by’ +eze,a, 0" +ege,eqa5hy




a < b can be constructed in terms of the

Comparators

a = b and a > b expressions,

Locp = Eszp’ Gasp' = (Epzp + Gaop)’ = NOR operation

Summary — 4-bit unsigned comparator

€3 = (a3 ® by) math notation:

&, = (3, @ by)’ XOR(a, b) =a ® b

e =(a;®by)’ XNOR(a, b) = (a @ b)’
€ = (ag® bp)’

Eia-p = €3€2€1 €
G,sp=aghs' +egay by’ +ezeyayby" +egeyeqayby

La<h = (Ea=p *+ Gasp)'’

overall realization shown on next page

E+G+L=1 and, EG=EL=GL=0




e
3 Comparators
€
E,-
e J a=b
€0

YoVY

LIL

Ga>b

4-bit comparator
for unsigned integers




for the 2’s complement case,

If a3 = by, then use the unsigned version

Comparators

if a5 # bg, then must invert both L, and G, | [€=U T €3

and may introduce a selector input u for choosing Lacp = (C® L)

the unsigned (u=1) or the signed case (u=0) Goop = (@ G)

u ez | c| invertL,G

000 invert ds

0 1 | 1 |donotinvert dy a=b

1 0 | 1 |donotinvert dq E

- a
1 1 |1 |donotinvert 0 4-bit unsigned a<b |
use XOR properties b, SOy 2> b

0@L=L Ez G
0DG=G bl
1®eL=L °

1®G=G'




x mod(x,2%) bits
0 0 0O 0O00O0
1 1 O 001
2 2 O010
3 3 0O011
4 4 0100
5 5 0101
6 (3) 0110
7 7 0111
8 -8 1 000
9 -7 1 001
10 -6 1 010
11 -5 1 011
12 -4 1100
13 -3 1101
14 -2 1110
15 -1 1111

Comparators

In the 2°s complement representation,

the mod-operation maps all negative
Integers to their unsigned versions with the
same bit pattern, thus,

If, a3 = bs, (@, b are both positive or both
negative), then, the sense of the
inequality is preserved (L., = L), €.9.,

4>3
—4 < -3, with unsigned version, 12 <13

If, a3 # bs, then the inequality direction
Is reversed (L., = L"), e.g.,

—4 <3, with unsigned version, 12 > 3

5 > -3, with unsigned version, 5 <13

€r — —b;323 —+ ()222 + 6121 + b[]




x mod (x,24) bits

7 7 011
6 6 011
5 5 010
A A 010
3 3 001
2 2 001
1 1 00O
0 0 00O
-1 15 111
-2 14 111
-3 13 110
-4 12 110
-5 11 101
-6 10 101
il 9 100
-8 8 1 00

ocrproprorororororonmr

Comparators

In the 2°s complement representation,

the mod-operation maps all negative
Integers to their unsigned versions with the
same bit pattern, thus,

If, a3 = bs, (@, b are both positive or both
negative), then, the sense of the
inequality is preserved (L., = L), €.9.,

4>3
—4 < -3, with unsigned version, 12 <13

If, a3 # bs, then the inequality direction
Is reversed (L., = L"), e.g.,

—4 <3, with unsigned version, 12 > 3

5 > -3, with unsigned version, 5 <13

€r — —b;323 —+ ()222 + 6121 + b[]




selector

!

4-bit two’s complement comparator

Comparators

e; c
E
Ea=p
4-bit unsigned L \ L
comparator = a<b
c
G | — Ggsp
C=U+e;g
La<b - (C @ L)'
still valid: E+G+L=1, EG=0, EL=0, GL=0 Gosp = (C D GY




% typical MATLAB code, given a=[a3,a2,al,al], b=[b3,b2,bl,b0]

a3
b3 = b(l); b2

a(l), a2 = a(2),; al a(3); a0 = a(4);
b(2); bl = b(3); b0 = b(4);

e3 = ~xor(a3,b3);
e2 = ~xor (a2,b2);
el = ~xor(al,bl);

e0 = ~xor(al,bl) ;

c u | e3;

line continuation symbol

E =e3 &§ e2 & el & e0;

G = (a3 & ~b3) | (e3 & a2 & ~b2) |
(e3 & e2 & al & ~bl) | (e3 & e2 & el & a0 & ~b0);

L=~(E | G);

@

= ~xor(c,G) ;
L = ~xor(c,L);

o®

incorporated into the function, comp4.m, on Canvas Files




o0 o O A0 o° O A o O A0 A O A A° O OO P o° oP°

o°

comp4.m - 4-bit unsigned and 2's complement signed comparator

Usage: [E,G,L] = comp4(a,b,u);

a = 4-bit integer, a = [a3,a2,al,al]

b = Lx4 matrix of bits, , each row representing an integer

u

1, 0, for unsigned or signed case, default u=1

E,G,L = Lxl vectors representing equal, greater than, less than

Example: A -3;
a = a2d(A,4);

[b3,b2,bl,b0] = a2d(-8:7, 4);
[E, G, L] = comp4(a,[b3,b2,bl,b0],0);

plotted below (p.28)

$a=1][110 1]
$ 15x4 matrix

% comparisons




function [E,G,L] = comp4 (a,b,u)
a3 = a(l); a2 = a(2); al = a(3); a0 = a(4) ;

for i=l:size(b,1)

b3 = b(i,1); b2 = b(i,2); bl = b(i,3); b0 = b(i,4);

e3 = ~xor(a3,b3); e2 = ~xor(a2,b2);
el = ~xor(al,bl); eO ~xor (a0,b0) ;

c =u | e3;

line continuation symbol

E (1) e3 & e2 & el & e0;

G(i) = (a3 & ~b3) | (e3 & a2 & ~b2) |

(e3 & e2 & al & ~bl) | (e3 & e2 & el & a0 & ~b0);

L(i1) = ~(E(1) | G(1));

G(i) = ~xor(c,G(i));
L(i) = ~xor(c,L(i));
end

=
I

E(:); G=G(:); L = L(:);




file: comp4s.slx on Canvas Simulink implementation
successively compares the fixed number

a=6=(0110)
0 |2 .m « with a binary counter sequence, b
2 D |
e2 I |

o -.~Dm | T
B
al g o0
ab R
0 + > b2
: T )
b

b3 '
a2b3'
b2’ G
” ' Scopa

| Ll
e
e3a2b2'
b1
4 G
Ll
b1 >
al "

edefalbl’

L
L
Ll

ede2e1albl’

Y

4-bit counter

2 ‘i
g_
g



.} Signal Builder (comp4s/4-bit counter)

File Edit Group Signal Axes Help

ol x|

binary-counter

FH| 2B o | —T g FREE

P Il m .‘alll‘irh]

|

Active Group: IGrﬂup 1

o] =| =]

Y] AR R A SR

. -

____________________________________________________________________

O

e

Left

Point

Right:Point

Name: |b3

< o

3|
Index: I‘l 'l : I

Click to select, Shift+click to add

= =

b2 {=hown)
b1 {shown)
J=38] (zhown)

'|h3(#1} [ YMin YMax ]




E =1, only when
b=a=6=(0110)

L =1, while
b>a=6=(0110)

G =1, while
b<a=6=(0110)




2’s complement signed

unsigned

I
I O -H O-H OH OHOHOHOMWYO
I
.w_0011001100110011
I
_m_0000111100001111
I
Il WS S A A A OO0OO0OO0OOO0OO0OOoO
I
I
— |
O |
=
<
¥ | OO H AN MNMSTPUOOHANMSSLY O
~ | o - -
T |
O 1
g |1
I
I
¥ | O~ O INNTNMOMANAOAHANMMSTLY O
R TR TR T R TR I
I
I
| O -H OH OHOHOHOMHONWO
I
.w_0011001100110011
I
M_0000111100001111
I
| O 0O 000000 H - ™o v = =
I
I
I
I
I
¥ | O -H AN NSO O>~C0OONHODO-HANMSS LN
I PRI IR I T I
I




unsigned, a = 6 = (0110)

L r r r r r r r C

o

] o

7 8 9 10 11 12 13 14 15 16

r L L L r r r [

O

] o

m r

ﬁ r

9 10 11 12 13 14 15 16

I S

O

] o

1 2 3 4 5 6

111

7 8 10 11 12 13 14 15 16

I_II_II_II_II_

O

1 2 3 4 5 6

7 8 9 10 11 12 13 14 15 16

I I e I I I e I I I I

o

O

7 8 9 10 11 12 13 14 15 16

C C C C C C C C C L

7 8 9 10 11 12 13 14 15 16

r r r r r r r r C

O

7 8 9 10 11 12 13 14 15 16



A =6; a = a2d(A,4); $ a=[011 0]
[b3,b2,bl,b0] = a2d(0:15, 4);

[E,G,L] = comp4(a,[b3,b2,bl,b0],1); % note, u =1
E = [E; E(end)]; % extend duration of last bit
G = [G; G(end)];

L = [L; L(end)];

b3 = [b3; b3(end)];

b2 = [b2; b2(end)];

bl = [bl; bl(end)];

b0 = [b0; bO(end)];

t =0:16; % last bit lasts from t=15 to t=16
figure;

subplot(7,1,1); stairs(t,b3,'b-"'); ylabel('b 3');
subplot(7,1,2); stairs(t,b2,'b-"'); ylabel('b 2');
subplot(7,1,3); stairs(t,bl, 'b-'); ylabel('b 1');
subplot(7,1,4); stairs(t,b0,'b-'); ylabel('b 0');
subplot(7,1,5); stairs(t,E, 'r-'),; ylabel('E');
subplot(7,1,6); stairs(t,G, 'g-'), ylabel('G');
subplot(7,1,7); stairs(t,L, 'm-'),; ylabel('L');

xlabel ('\itt"') ;




(1101)

3=

2’s complement, a

2 -1 0 2 3 4 6 7 8
I r I I r I I r [

-8

nmmnrrmnrr

1
0




A = -3; a = a2d(a,4); %

[b3,b2,bl,b0] =

[E,G,L] = comp4(a,[b3,b2,bl,b0],0);

E = [E; E(end)];

G = [G; G(end)];

L = [L; L(end)];
b3 = [b3; b3(end)];
b2 = [b2; b2(end)];
bl = [bl; bl(end)];
b0 = [bO; bO(end)];
t = -8:8;

figure;

subplot(7,1,1) ;
subplot(7,1,2);
subplot(7,1,3);
subplot(7,1,4);
subplot(7,1,5) ;
subplot(7,1,6) ;
subplot(7,1,7) ;
xlabel ('\itt"') ;

a2d(-8:7, 4);

V]
I

[1 10 1]

% note, u =20

$ extend duration of last bit

$ last bit lasts from t=7 to t=8

stairs(t,b3, 'b-");
stairs(t,b2, 'b-");
stairs(t,bl, 'b-");
stairs(t,b0, 'b-");

stairs(t,E, 'r-"');
stairs(t,G, 'g-');
stairs(t,L, 'm-');
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4-BIT MAGNITUDE
COMPARATOR

The SM54/74L585 is a 4-Bit Magnitude Camparator which compares two
4-bitwords (A, B}, each word having four Parallel Inputs (Ag—Ag. Bg—Bal Ag.
B3 being the most significant inputs. Operation is not restricted to binary
codes, the device will work with any monotonic code. Three Outputs are
provided: “A greater than B™ (Og = g). "Aless than B" (04 <g). "A equal to B”
(24 =g). Three Expander Inputs, |4 =B, |8 <B. |a=p. allow cascading without
external gates. For proper compare operation, the Expander Inputs to the
leastsignificant position must be connected asfollows: la<p=la=B=L.la=B
= H. For serial (ripple) expansion, the 04 =g. Oa <g and Oa =g Cutputs are
connected respectively to the |4 » g. |4 < g. and |4 =g Inputs of the next most
significant comparator, as shown in Figure 1. Refer to Applications section of
data sheet for high speed method of comparing large words.

The Truth Table on the folowing page describes the operation of the
SM54/T4L585 under all possible logic conditions. The upper 11 lines describe
the mormal operation under all conditions that will cocur in a single device or
in @ series expansion scheme. The lower five lines describe the operation
under abnormal conditions on the cascading inputs. These conditions ocour
when the parallel expansion technigue is used.

* Easzily Expandable
» Binary or BCD Comparison
o Da=p. 0a=pg, and Op =g Outputs Available

CONMNECTION DIAGRAM DIP (TOR VIEW)
Voo A3 B A& A By A By

[1e] [iz] [s] [sa] [r2] [ae] [eo] [e]

MOTE:

} The Ratpak version has the
same pinouts [Connection

Diagram) as the Dual n-Line

SN54/74L.885

4-BIT MAGHNITUDE
COMPARATOR

LOW POWER SCHOTTKY

" J SUFFIX

CERAMIC
CASE 620-00

T

1

PLASTIC

" CASE 648-08

D SUFFIX
SOIC
CASE 751B-03

iimm
-

ORDERING INFORMATION

SMB4LENX)  Ceramic
SNT4LSXXMN  Plastic
SNT4LSXXD  SOIC

Fackage.
] L] e L] [e] L] [ [e]
By a3 la=3 Ia»E Op-g Op=3 OJseg GND
PIN NAMES LOADING (Note a)
HIGH LOW
Ap-Az, Bg-Bz  Parallel Inputs 15UL. 075 UL
la=8 A =B Expander Inputs 15UL. 0Ts UL
la=g-IA>B A< B_A > B, Expander Inputs O5LUL. 025 UL
Op»B A Greater Than B Output (Note b) 1OUL | &(25 UL
Op<g B Greater Than A Output (Note b) 1OUL | &(25 UL
Opa=m A Equal to B Output (Note b) 1DUL | 5{25)UL

NOTES:
a) 1 TTL Unit Load (U.L.) = &0 pA HIGHM .6 mA LOW.

1) The Output LOW drive factor Is 2.5 U.L. for Miliary {54) and 5 UL for Commercial (74)

Temperaturs Rangss.

LOGIC SYMBOL

1 12 -315::1|- 11
EEEEENE

An AqA2A3BpB4B2 By
4— lazp Opsa|—5
1 laep Qpeg—7
3 —la=p Oa=a—a
Voo =PIN 18
GMD=PFINE




3-bit comparator
for unsigned integers

.

LA A

a=

: SEm




selector

!

u

3-bit comparator
for 2’s complement

b = (b, by by)

a=(ayajap) signed integers

3-bit unsigned
comparator




Additional Examples - Problem 1

Design a combinational circuit that detects whether a 3-bit number,
a = [ay, a1, ag], 1s less than 5, that is,a < 5, or, a < 4.

Solution: Start with a truth-table and a K-map

a a2 al a0 F wrapped edges

9 00 01 11 10

ol R

doodh WN RO
HFRrRRERPROOOO
PR OORKEROO
RFORORORO

COORRRREERE
H
(H
L‘L




Implement with Simulink

3-bit binary counter

P

az2'

at'

.F

4

' ai |a0| a2'+al'a0'

a0

F= 32' + al’ a.o'

Scope



=

(2}

B LI

F= a2' + 3_1' aO'

t=4 extends to t=5




Additional Examples - Problem 2

Design a combinational circuit that detects whether a 4-bit number,
a = [ag, ay, aq, g, 1s less than 5, thatis, a <35, or, a < 4.

a a3 a2 al a0 F Solution
O 0 0 0 0 1 a3 3,
1 0 0 o0 1 1
a. a 00 01 11 10
2 0 0 1 o 1 170
3 0 0 1 1 1 [ ]
4 0 1 0 0 1 00| 4 -
5 0 1 0 1 0
6 0 1 1 0 0 01 || 1
7 0 1 1 1 0
8 1 0 0 0 0
9 1 0 0 1 0 111
10 1 0 1 0 0
11 1 o0 1 1 0 10 || 1
12 1 1 0 0 0 -
13 1 1 0 1 0
14 1 1 1 0 0 E=aa/+a a3l
15 1 1 1 1 0 S




Implement with Simulink

%

. 1:'
P

ad'
a2'
ad'a2'+al3'at'al’
at'
a0’

Scope

4-bit binary counter

-—4>’0— a3'al'a0’

F = 3.3' azr 4+ 213’ alr aO’




-) scope NN ([ 9
So|al 2| B%S B a s >

F = a3’ 32' + 33' al' aO'




Additional Examples - Problem 3

Design a combinational circuit that detects whether a 4-bit number,
a = [ag, ay, aq, ap], 1s in the range, 5 <a <12, 0r, 6 <a<1l.

RFRPRHRRKRFRFRFROOOOOOOO
HFHPFHRHPOOOOKHKHKHKEHOOOO
HFHOOKHHOOKFRKHOOHKRHKEHOO
HOHOHOKFHLOKFHLOKFROKRORO
OO0OO0OOKFRKHRKHRRERRERRFERLOOOOOO

Solution
ds do
aq ag 00 01 11 10
00 1
01 1
11 (1 1
10 1 1




Implement with Simulink

4-bit binary counter

P

ad'

A

a3a?'

>

a2’

— i

a3d'a?al

=

ad'a?'+ald'al'al’

F= a3 az’ + 33' 212 al

Scope



-) Scope _
&0 ale &

F = a3 azl + 33’ 32 al




Addition and Subtraction — Half-Adders Wakerly, Sect. 8.1

half adder
sum a 0 1 0 1
a — —— S
HA +b +0 +0 +1 +1
b —— —c
carry CS 00 01 01 10
truth table s=a-b'+a -b=a®b
sum |carry c=a-b XOR
abl| s C
0ol 0| 0 a j\> S
01| 1 | O b
10| 1 0
11 0 | 1 }c




Addition and Subtraction — Full-Adders

full adder
Cin —— S
a—— FA
h— — Cout
half-adder
case :
a 1

b
| |
ot FA +—¢

l in
/‘ S

equivalent symbol, suitable for cascading
full adders for multibit addition

C

truth table

Cinab S Cout
0 0O 0 0
0 01 1 0
010 1 0
011 0 1
1 0O 1 0
1 01 0 1
1 10 0 1
1 11 1 1
S=a®bdc,

Cout=a b+ (atb) ¢,




full-adder

truth table
Cinab S Cout
0 0O 0 0
0 01 1 0
010 1 0
011 0 1
1 00 1 0
1 0 1 0 1
1 10 0 1
1 11 1 1

XOR properties
0 X=X
le X=X

In

ab

00 01 11 10

1
0 L K-map
11 1 1 fors
S=a®be@c,

ab

00 01 11 10
0 0

K-map

1 [1 1} 1} for cyyt
Cout—=a b+ (atb) ¢,

out




full-adder

ab
Cin 00 01 11 10
0 1 ! K-map
truth table for s
11 1 1
Cipa b S Cout
000l 0l o S=a®bdc,
0 01 1 0 T
010 1 0 T P '
011! 0l 1 s=a'b'¢,+abc,+a bc, +ab’'c,
1 0O 1 0 :(a’b'+ab)c:il,]Jr(21’b+21b’)C'in
1 O 1 O 1 — / /
L0 0 1 =(@a®b)c,+@®@b)c,
111111 =(@®b) ®g,




full-adder

truth table
Cinab S Cout
0 0O 0 0
0 01 1 0
010 1 0
011 0 1
1 00 1 0
1 01 0 1
110 0 1
111 1 1

Cin

) a-'b

a

00 01 11 //10
—¥

0 1
1 1 ‘1] 1]
“ I
b'Cin a-cin

K-map

for Cout

Cout=a b+ (atb)- ¢,

Cout

note also (looking at the K-map Os,
r:ar 'b’+(a’+b’) . Cin,




full-adder

\¥//
I

s=a®@bdc,

Cout=a b+ (atb)-c,

vy




full-adder implementation by cascading two half-adders

S=a®b®dc,=(@®b)®dc;,

Cout=a-b+ta-¢,+b-c,=
=a-b+a-(b+b)-¢,+b-(a+a")-c,
=a-b+a-b-¢g,+a-b'-c,+a-b-c,+a-b-c,

=ab-(1+c,+c,) +(@ b +a-b):c,

a-b+@®b):c,
S

N

half-adder outputs



full-adder a j\> .
b
half-adde/ } ‘
/ \
Cin ,z \]\> :
a ) adhb/
i )

—
o~

B

s=(@®b)®c,

Cout=a-b+@®b)-c,




half-adder as special case of full-adder

n _Z___ > S a N - » S
a—— FA c N HA L
b | — Cout b | | ¢
5 =0 / truth table
" half-adder
s=a®b®c,=adb Cin @ b S | Cou
Cout:a.b+a.cin+b-cin:a-b O 0O 0 0
0 01 1 0
note also, 8 1 (1) (l) (1)
XOR properties if, ¢;, = 1, then, 100|110
0®d X=X
s=a@b@c,=(@@b) Lol od
Cout:a.b+a+b:a+b 1 11 1 1




ripple-carry full-adder for 2’s complement integers

addition, a+b
T 11
C C C C C
y 1 FA 2 FA 2 FA 1 FA 2
‘& \
) C3 v l l l
53 52 51 S0
Cy C3 Cy Cq Cp carries for1=0,1,2,3, do,
a; a, a1 4 addend Si=a®b @
b; b, by by | addend Cir1 =& - b; + (8 + by - c;
V=C,® Cq overflow bit, v =cy\® cy.1, for N-bit case




ripple-carry full-adder/subtractor for 2’s complement integers

additigp, a+b as by ay b, 2 by 2% by
subtraction, a-b \ ‘ ‘ | sub
| ) I " I
v ? A ? v ? v ?
v : N R N il T M B i
[: C3 v l l l
83 SZ S]_ SO

recall the properties,
X®0=X
Xel=X

sub =0, addition
sub = 1, subtraction

a-b=a+(b)=a+ (b)), =a+(b)+1




overflow rules for 2’s complement addition/subtraction:

1. Range: [-2N-1 2N-1.1], for N-bit 2’s complement integers.

2. Overflow bit Is computed by, v = ¢\ @ Cp_1

3. If the numbers a, b are both positive or both negative, then, there
Is no overflow (v=0) for the difference, a-b, and the output carry
cy can be ignored (this also the case if one of the numbers a, b is
positive and the other negative and they are added.)

4. If the numbers a, b are both positive or both negative, then there
will be overflow in the sum, s =a+D, if s lies beyond the range,
[-2N-1 2N-1.1], and in this case the overflow bit is v=1, and
the output carry cy (whether it is 0 or 1) must be used to extend
the result to N+1 bits, i.e., Cy mut be prepended to become the MSB of

the resulting sum s.

see some examples in next few pages




x mod(x,2%) bits
7 7 0111
6 6 0110
5 5 0101
4 4 0100
3 3 0011
2 2 0010
1 1 0001
0 0 0000
-1 15 1111
-2 14 1110
-3 13 1101
-4 12 1100
-5 11 1011
-6 10 1010
-7 9 1001
-8 8 1000

we recall that 2°s complement
negative 4-bit integers have the same
bit pattern as their mod-16 positive
counterparts

0100
5=0101 0011 =3

6=0110 0010=2
7=0I11 0001 =1

0000=0

-8,8 = 1000

-7,9 = 1001 1111 =-1,15

—-6,10=1010
-5,11=1011

1110=-2,14
1101 =-3,13

1100
4,12

= Ll o)




for N=4 case, range: [-23, 25-1] =[-8, 7]

If both numbers a,b are positive or both negative, then, there is no
overflow for the difference, a-b, but there may be for their sum, a+b.

both a,b positive or zero,

0<a<7? 0<a<7?

— = -7/<a-b<7
0<b<7 -7<-b<0
but,

0 <a+ b < 14, and sum requires possibly 5 bits

both a,b negative,

-8 <a<-1 -8§<a<-1

= = -/<a-b<7
-8<b<-1 1 <-b<8
but,

-16 <a+b<-2, and sum requires possibly 5 bits

5-bit range:
[-24, 2%-1] = [-16,15]




for N=4 case, range: [-23, 23-1] =[-8, 7]

If one of the numbers a,b is positive and the other negative, then, there is
no overflow for the sum, a+b, but there may be in their difference, a-b.

for example,
0<a<7 0<a<7
= = 1<a-b<15, and can overflow
-8<b<-1 1 <-b<8
but,

-8 <a+ b <6, and remains within the 4-bit range




V:C4<‘DC3

4-bit
range
[-8,7]

C4 C3 C, Cq Cq

0@ X=X
1 X=X’

carries: 0 0 0 0O carries: 1 1 1 00O
5 = 0101 -5 = 1011
2 = 0010 -2 = 1110
7 = 0111 -7 = 1 001

v=0®P0 =0 v=1®d1l =0

cy, = 0, ignored cy, = 1, ignored

carries: 1 1 0 0 O carries: 0 01 0O
5 = 0101 -5 = 1011
-2 = 1110 2 = 0010
3 = 0011 -3 = 1101

v=1®1 =0 v=0®dP0 =0

cy, = 1, ignored cy, = 0, ignored




carries: 01100 carries: 1 0 0 0 O 9 = -7 + 16
6 = 0110 6 = 1010 Z3=_‘§2’_'916
3 = 0011 3 = 1101 =
9 =01001 -9 =10111 V:C4@C3
(5-bit) (5-bit)
v=061=1 v=1®9d0 =1 5-bit
c, = 0, included c, = 1, included range
[-16,15]
] _ 4-bit
carries: 1 1 0 0 O carries: 0 01 0 O range
6 = 0110 -6 = 1010 [-8,7]
-3 = 1101 3 = 0011
3 = 0011 -3 = 1101
c, = 1, ignore c, = 0, ignore
‘ : J 10X =X




carries: 01100 carries: 1 0 0 0 O

6 110 010

3 = 011 101

9 =01 01 10111
v=0®01 =1

\~ T\

overflow occurs when, a3,bs, (or rather, a, b) have the same sign, but
the sum, s3, has the opposite sign, thus, we have alternatively,

— 4 4 4 — 4 4 4 —
V=azbss3" + a3 by's3 =azbscy’ +a3" by’cy3=¢c,®c,

T T

exercise exercise

or, more generally, v =ay_q bngSner’ T an-1 Pn-1' SN-1

—_— [ ! ! —_—
= an.1 PN Nt Ay Pt ONer = O @ e




overflow occurs when, as,bs, (or rather, a, b) have the same sign, but
the sum, s5, has the opposite sign, thus, we have alternatively,

V = a3 b3 33' + a3’ b3' 33 = 3.3 b3 CB’ + ag' b3' C3 - C4@ C3
exercise exercise
to prove these, use the relationships:

S3=a3;® b; D sy

Cq =83 b3+ (a3 +by) - c5




some additional 5-bit examples from
f22-e2-practice.pdf

In each case, please work out all the carry bits
C5 C4 C3C, Cq Cy

and the overflow bit

V=CsDCy
5-bit 6-bit
range range
[-16,15] [-32,31]

10 = 01 010
8 = 01 000
18 = 010010
v,c5 = 1,0 extended
-10 = 1 0110
-8 = 11000
-18 = 1 01110
v,e> = 1,1 extended
-10 = 1 0110

8 = 01000
v,e5 = 0,0 ot extended

5-bit

X = —0,2% + b323 + 0,22 + b2 + by

6-bit

X = —be2° + b2% + by23 + by22 + b 21 + by,




more 5-bit practice examples

carries: 011110 5-bit
range
11 = 01011 [—16,15]
15 = 01111 \/:C§DC4
6-bit
26 = 011010 range
[-32,31]
v = 1 extended to 6 bits
carries: 1 00 010 carries: 1 1 1110
-11 = 10101 -11 = 1 0101
-15 = 1 0001 15 = 01111
-26 = 1 00110 4 = O0100
v = 1 extended fo 6 bltS v = 0 not extended

X = —b22+0,2%+0523+b,22+b, 21 +b,
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carry-lookahead adder

S=a®bdc,
g =a - b= carry-generate Cout =a- b+ (a+b)-c
p = a+ b = carry-propagate Cout =9+ PGy,
Cin o\
a \ H 5
b /

»: » -




carry-lookahead adder

az by a, b, a; bq ap by
0 TR A R I R O
N < BTN e sy N T N .
' @ \
g e— | | |
53 52 51 So
C1 =00 * Po " Co (Go=2ap by, Py=25+Dy)
C,=0;tPy-Cq (g;=a;- by, py=2a,+b;)

=01t P 0ot Py Po-Co

C3=0, Py Cy
=0t P2 01 +P2 P18 + P2 P1-Pp-Co

C, =031 P3-C3
=031t P30+ P3P0y +P3 Py Py 8T P3 P2 P1-Po-Co




long
propagation
path

g1 Pg

90

stage-2




carry-lookahead adder

oY A

stage-2 Sy stage-1 So



carry-lookahead adder o>
Fig. 8-6. Logic Diagram for the 74x283 ——9 >—1 ) os
4-Bit Binary Adder with Internal —3 >
Carry Lookahead ] @ |
T )
; d_J
74x283 M
—co g >
— A0 SO}— |
— 1A S1f— - ’ B 4 )
—1Bf ) Do— o>
— A2 s2}— -
I 9
— A3 S3}— — =) >
—1B3 Y p— )
C4|— [ a_/
_§{>o>07° -



Fig. 8-22. Partial Products for

an 8 x 8 Multiplier

X7 Xg Xs X4 X3 X9 X1 X
Y7 Yo Y5 Ya Y3 Y2 Y1 Yo

partial products can be realized by AND gates

YoX7 | YoXe | YoXs | YoX4 | YoX3 | YoX2 | YoX1 | YoXo
Y1t | Yi¥e | YiXs | Yi¥q | V123 | Yi%a | Yi¥1 | Yi%o
Yo¥q | Yo¥e | ¥aXs | Yo¥a.| Yo¥s | YoXo | Yok | Yo%
Y3¥7 | Y3%6 | Y3*s5 | Yak4.| Va%s | Ya%a | Yaki | Y3%o
YaX7 | YaXe | YaXs | YaXq | Y4X3 | Y4X2 | Y4X1 | YaXo
Y5X7 | VsX6 | YsXs | YsXq | V5X3 | VsXxa | YsXr | YsXo
Ye*71 | Yete | Yets | YeXa | Y6¥3 | Ye¥2 | Ye*1 | Yeto
+ | VX7 [ VX6 | VX5 | Y7Xa | V7X3 [ Y% | Y% | Y7¥o
Pis | Puia| P3| P2 |Puu|Pio| Po | P8 | P |Ps | P5s | Ps | P3| P2 | P1] Po




Fig. 8-23. Interconnections for

i ) I."o‘7| |."0"6[ |.“0"<| |.“0‘4| |.“0"3| |)‘o\' | I."o‘nl |"o"o‘
an 8 x 8 Combinational
. . |.\‘|-"7|0 |.“‘l-"6| |.\'|-"5l |."|-“4| |.“1~"3| |.“‘1-"2| |.“|-"|| |.“'l-"0|
Multiplier t+ {9+ t 4 +v {3y ¥4 $v 4 1o
ol + ] ] ] ] ] ]+
L
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vy 1 v Y 1 v vy
i ) i L L
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T~ 1 v 1 ! 1 1 Y Y R
full-adders el 7 bl a tal s bl T bl e bl & el F las
L
| Y7 I | YaXe | | .‘"4-"5||_| | ."4-"4\|—| | Y4¥3 | | .\'4-"2\|—| | .“-k"l\l—l | Y&¥o |
! ! 1 { 1 1 Y !
L
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